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Definition

. A,‘ : L(r,-)2 — L(F,’)2

CAf(r) = ([ 1 A(r) P dry- - dri_qdriy - - drs)
Properties

Foralli=1---5,
= AR = I
* A= Ag)(ri) IS Ai(f — g)(ri)
A= Agll < If =gl



Lemma

Lemma
If f(r) € 9o thenforalli=1---, Ajf are continuous and bounded as

0 < Af(ri) < a'|[Tofll + bIIf] (1)

where @’ and b’ are constants independent of f, and a’ can be taken
as small as we want.
strategy of the proof

1) forany g € 2, , show that the ineqgaulity 1 holds

2) extend domain to %, such that the inequality 1 holds for all
fe %



1) Forany g € 21, we show 0 < Aig(r;) < a'|[Tofl| + b/||g]| holds.
It is enough to show that the inequality holds for i = 1.

IAg(r) |2 = / lg(r)[12drs 15

g(r) = (2m) >/ / exp({i(par2 + - - + psts)}dpa - - - Ps

-/exp(/'pqr1)6(pq.p2.--~ ,p2)dps



1) Forany g € 2y, we show 0 < A;g(r;) < d’||Tof] + b’||g]| holds.
It is enough to show that the inequality holds for i =1.

IAag(r)? = / lg(r)[2dr -1
— 2n)3 / dps - -~ dps / explipr1)G(p)dpy

< (277)—3/dp2-~-dps{/|G(P)|dp1}2

:

- Parseval identity applied to 3(s — 1) variables ry, - - - rs

I <[]




1) Forany g € 2, , we show 0 < Aig(r;) < a'||Tog| + b’||g]| holds.
It is enough to show that the inequality holds for i =1.

gl = [ llg(r)Par--r
—(2n)* [ dpa-+-dps| [ explipr)Gi(p)ap:
< (27r)‘3/dpz--~dps{/|G(p)|c/p1}2
< (27r)‘3/dpz--~dps/|6(p)!2(1 + R*py*)dps-

/(1 + l?4p14)_1dp1

‘ 2

- {16P)dp1} < [|6(p)"(1+ K*pi*)dps - [(1+ k*py*)~"dp:
where k > 0 constant.



1) Forany g € 2, , we show 0 < Aig(r;) < a'||Tog|| + b’||g]| holds
It is enough to show that the inequality holds for i =1.

g = [ llg(r)Par-r
— (20" [ dpa--dps| [ explip)G(p)aps|
< (27T)_3/dP2"'C/Ps /|G(p)}dp1 2
< (27r)_3/dp2- /|G 201+ K py*)dpr
/ (1+ K1)~ dpy

(2m)~3ck- /ye 2(1 4+ k*py*)dprdp, - dps-

- [(1+ R*p1*)~'dps = ck=3 for some constant c 2



1) Forany g € 2, , we show 0 < Aig(r;) < a'||Tog|| + b’||g]| holds
It is enough to show that the inequality holds for i =1.

g = [ llg(r)Par-r
— (20" [ dpa--dps| [ explip)G(p)aps|
< (27T)_3/dP2"'C/Ps /|G(p)}dp1 2
< (27r)‘3/dpz- /|G (1 + K pa*)dps-
/ (1+ Kpi*)dpy
(2m)~3ck- /ye 2(1 4+ k*py*)dprdp, - dps-
— (2m)2ck > (IGIP + K [Ip+?GI)




1) Forany g € 2;, we show 0 < A;g(r;) < d’||Tog| + b’||g|| holds. Itis
enough to show that the inequality holds for i = 1.

IAg(r)II* < (2m) >k ([|GII” + K [lp+*Gl?)
< (2m) 7 c(kpy *IITogl? + R1g11%)

* mllp+*Gll < [IToGl|



1) Forany g € 2, , we show 0 < Aig(r;) < a'||Tog| + b’||g|| holds. Itis

enough to show that the inequality holds for i = 1.
14g(r)|I* < (2m) k> (|IGI1* + K*[lp*GlI?)
< (2m)c(ku 21 Togl® + R>lal)
< a|Tog|* + bllg|?

= 0 < Aig(n) < a'|Tog|l + b'[|g]]
2)extend domain to 2, such that the inequality 1 holds for all f € 2,

Do
D
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f .Tof
D On Togn

gL-. ,Tag;
lgn —fll = 0, |Togn — Tof|l = 0 asn — oo

2 A

D G n

10
[Agn(r1) — Agm(r)| < Ai1(gn — gm)(r) < a@'||Togn — Togm|| + b'lgn — gm|| — 0



Dy
f Af
D [QD /Agn
:-g m Adn

|41Gs — Adfll < llgn —fll = 0

There is a subsequence of (A1gn)nen — Aif
We know 0 < A1gn(r1) < a@|Tognll + b’|gnl|

0 < Aif(rr) < a@'|Tof]| + b/|If]|
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Potential Energy




Introduction to Potential Energy

- Our main goal H = T + Vis self adjoint
- Kinetic Energy T (last week)

- Potential Energy V (today)



Potential Energy

Potential Energy
- V:Dom(V) C £* — L2, L = L*(R*)
SV, rs) = V() 4 X Vo) + 005 Vi — 1)

Assumptions
V() < C
+ f<pVi(x,y,2)|Pdxdydz < C
Vi, <€ (r>R)



Potential Energy

Potential Energy

- V:Dom(V) C £ — L2, L =L2(R¥)

. V(r1,--~l’s):V/(r1""r5)+2is:1 VOI( ) ZLSJV( )
Properties

- Vis real mutiplicative operator

Vi : Dom(V) — L2
f(r) = t(r) - f(r)

- Vs symmetric
v1.9) = [ (RN = [ Ainenaer = . v9)

- Vis self adjoint.
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Lemma

Lemma ]
Dom(V) contains Dy and for all f € Dy there two constants a and b

such that
VAl < allTofll + blIfl (2)

Moreover, a can be taken as small as we want.

Proof
1,
VP, 1) = V(11 15) 8 V() + 25055 Vil = )
1) V=V(r)
2) V= Voi(r)

3) V= V,'j(l’,' = I’j)

1) We know ||V/(rq,---rs)|| < C,take a=0,and b = C.
VAL < IVIHIAL < ClIfl = 0 - ITofll + CIIf]



Lemma

Proof
v V=V(r)
2) V= Voi(r)

vaf||2:/‘|V01(r1)|2\f(r1~~~rs)\2dr1~~-drs
= [ Won(r) Pt Pl
:/ |V01(f1)|2|A1f("1)|2df1+/ Vor (1) P|Asf(ra) P dry
r<R >R

< (20”||Tof] +2b/2||ﬂ|2)/ \Vm(f1)\2df1+cz/ [Avf(r)[*dry
Jr<R n>R

AfmP < 202Tofll + 267182 Vil 1,2 S € (r>R)
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Vo = [ Wer(r) e+ o)l -
— [ W) P1asf() Py
= [ WardPftrPar+ [ Var) Pl o

rn>R

< (07| Tof| + 2b7|IA12) /

rn<R

< CQa”|[Tofll + 26" [IA1%) + C
Ji<r IVii(x,y,2)IPdxdydz < ¢ [JAf]l = IIf]

\Vor(r)|°dr + C? / |Af(r1))2dry

rn>R



Proof

v V=V(n)
v V= Vy(r)
3) V=V - )

N =n-rn, n=rn-r=r
dry---drs = dry - --drs'
flrn--rs)=f(n"---rs')



Lemma

Proof
v V=V(r)
v V= Vi(r)

3) V=Vj(ri—r;)

n'=n-rn, n=rn-.r=rs
dry---drs =dry---drs
flrne-rs)=f(n'"---rs')

IVeAl? = J IVl rOOPIF s )iy
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Lemma

Proof
v V=V(r)
v V= Vi(r)

v V= V,'j(l’,'— I’j)

n'=n-rn, n=rn-.r=rs
dry---drs =dry---drs
flrne-rs)=f(n'"---rs')

IVeAl? = J IVl rOOPIF s )iy
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