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Definition

Definition

• Ai : L(ri)2 → L(ri)2

• Aif(ri) =
(∫

| f(r) |2 dr1 · · ·dri−1dri+1 · · ·drs
)1/2

Properties

For all i = 1 · · · s,

• ‖Aif‖ = ‖f‖
• | (Aif− Aig)(ri) |≤ Ai(f− g)(ri)
• ‖Aif− Aig‖ ≤ ‖f− g‖
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Lemma

Lemma
If f(r) ∈ D0 then for all i = 1 · · · , Aif are continuous and bounded as

0 ≤ Aif(ri) ≤ a′‖T0f‖+ b′‖f‖ (1)

where a′ and b′ are constants independent of f, and a′ can be taken
as small as we want.

strategy of the proof

1) for any g ∈ D1 , show that the ineqaulity 1 holds
2) extend domain to D0 such that the inequality 1 holds for all
f ∈ D0
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Proof

1) For any g ∈ D1 , we show 0 ≤ Aig(ri) ≤ a′‖T0f‖+ b′‖g‖ holds.

It is enough to show that the inequality holds for i = 1.

‖A1g(r1)‖2 =
∫

‖g(r)‖2dr2 · · · rs

g(r) = (2π)−3s/2
∫

exp({i(p2r2 + · · ·+ psrs)}dp2 · · ·ps

·
∫

exp(ip1r1)G(p1,p2, · · · ,p2)dp1

3



Proof

1) For any g ∈ D1 , we show 0 ≤ Aig(ri) ≤ a′‖T0f‖+ b′‖g‖ holds.

It is enough to show that the inequality holds for i = 1.

‖A1g(r1)‖2 =
∫

‖g(r)‖2dr2 · · · rs

= (2π)−3
∫
dp2 · · ·dps

∣∣∣ ∫ exp(ip1r1)G(p)dp1
∣∣∣2

≤ (2π)−3
∫
dp2 · · ·dps

{∫ ∣∣G(p)∣∣dp1}2

• Parseval identity applied to 3(s− 1) variables r2, · · · rs
•
∣∣∣ ∫ f∣∣∣ ≤ ∫ ∣∣f∣∣
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Proof

1) For any g ∈ D1 , we show 0 ≤ Aig(ri) ≤ a′‖T0g‖+ b′‖g‖ holds.

It is enough to show that the inequality holds for i = 1.

‖A1g(r1)‖2 =
∫

‖g(r)‖2dr2 · · · rs

= (2π)−3
∫
dp2 · · ·dps

∣∣∣ ∫ exp(ip1r1)G(p)dp1
∣∣∣2

≤ (2π)−3
∫
dp2 · · ·dps

{∫ ∣∣G(p)∣∣dp1}2
≤ (2π)−3

∫
dp2 · · ·dps

∫ ∣∣G(p)∣∣2(1+ k4p14)dp1·∫
(1+ k4p14)−1dp1

•
{∫ ∣∣G(p)∣∣dp1}2≤ ∫ ∣∣G(p)∣∣2(1+ k4p14)dp1 ·

∫
(1+ k4p14)−1dp1

where k > 0 constant. 5



Proof

1) For any g ∈ D1 , we show 0 ≤ Aig(ri) ≤ a′‖T0g‖+ b′‖g‖ holds.

It is enough to show that the inequality holds for i = 1.

‖A1g(r1)‖2 =
∫

‖g(r)‖2dr2 · · · rs

= (2π)−3
∫
dp2 · · ·dps

∣∣∣ ∫ exp(ip1r1)G(p)dp1
∣∣∣2

≤ (2π)−3
∫
dp2 · · ·dps

{∫ ∣∣G(p)∣∣dp1}2
≤ (2π)−3

∫
dp2 · · ·dps

∫ ∣∣G(p)∣∣2(1+ k4p14)dp1·∫
(1+ k4p14)−1dp1

= (2π)−3ck−3
∫ ∣∣G(p)∣∣2(1+ k4p14)dp1dp2 · · ·dps·

•
∫
(1+ k4p14)−1dp1 = ck−3 for some constant c 6



Proof

1) For any g ∈ D1 , we show 0 ≤ Aig(ri) ≤ a′‖T0g‖+ b′‖g‖ holds.

It is enough to show that the inequality holds for i = 1.

‖A1g(r1)‖2 =
∫

‖g(r)‖2dr2 · · · rs

= (2π)−3
∫
dp2 · · ·dps

∣∣∣ ∫ exp(ip1r1)G(p)dp1
∣∣∣2

≤ (2π)−3
∫
dp2 · · ·dps

{∫ ∣∣G(p)∣∣dp1}2
≤ (2π)−3

∫
dp2 · · ·dps

∫ ∣∣G(p)∣∣2(1+ k4p14)dp1·∫
(1+ k4p14)−1dp1

= (2π)−3ck−3
∫ ∣∣G(p)∣∣2(1+ k4p14)dp1dp2 · · ·dps·

= (2π)−3ck−3
(
‖G‖2 + k4‖p12G‖2

)
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Proof

1) For any g ∈ D1 , we show 0 ≤ Aig(ri) ≤ a′‖T0g‖+ b′‖g‖ holds. It is
enough to show that the inequality holds for i = 1.

‖A1g(r1)‖2 ≤ (2π)−3ck−3
(
‖G‖2 + k4‖p12G‖2

)
≤ (2π)−3c

(
kµ−2

1 ‖T0g‖2 + k−3‖g‖2
)

• µ1‖p12G‖ ≤ ‖T0G‖
• g⇄ G
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Proof

1) For any g ∈ D1 , we show 0 ≤ Aig(ri) ≤ a′‖T0g‖+ b′‖g‖ holds. It is
enough to show that the inequality holds for i = 1.

‖A1g(r1)‖2 ≤ (2π)−3ck−3
(
‖G‖2 + k4‖p12G‖2

)
≤ (2π)−3c

(
kµ−2

1 ‖T0g‖2 + k−3‖g‖2
)

≤ a|T0g‖2 + b‖g‖2

⇒ 0 ≤ A1g(r1) ≤ a′|T0g‖+ b′‖g‖
2)extend domain to D0 such that the inequality 1 holds for all f ∈ D0
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Proof

∥gn − f∥ → 0, ∥T0gn − T0f∥ → 0 as n→ ∞

∣∣Agn(r1)− Agm(r1)
∣∣ ≤ A1(gn − gm)(r1) ≤ a′∥T0gn − T0gm∥+ b′∥gn − gm∥ → 0
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Proof

∣∣A1gn − A1f∥ ≤ ∥gn − f∥ → 0

There is a subsequence of (A1gn)n∈N → A1f

We know 0 ≤ A1gn(r1) ≤ a′|T0gn‖+ b′‖gn‖

0 ≤ A1f(r1) ≤ a′|T0f‖+ b′‖f‖
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Potential Energy



Introduction to Potential Energy

• Our main goal H = T+ V is self adjoint
• Kinetic Energy T (last week)
• Potential Energy V (today)
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Potential Energy

Potential Energy

• V : Dom(V) ⊂ L2 → L2, L = L2(R3s)

• V(r1, · · · rs) = V′(r1, · · · rs) +
∑s

i=1 V0i(ri) +
∑1,s

i<j Vij(ri − rj)

Assumptions
• ‖V′(r1, · · · rs)‖ ≤ C
•
∫
r≤R ‖Vij(x, y, z)‖

2dxdydz ≤ C2

• ‖Vij(x, y, z)‖ ≤ C (r > R)
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Potential Energy

Potential Energy

• V : Dom(V) ⊂ L2 → L2, L = L2(R3s)

• V(r1, · · · rs) = V′(r1, · · · rs) +
∑s

i=1 V0i(ri) +
∑1,s

i<j Vij(ri − rj)

Properties
• Vis real mutiplicative operator

Vt : Dom(V) → L2

f(r) 7→ t(r) · f(r)

• V is symmetric

〈Vf,g〉 =
∫
t(r)f(r)g(r)dr =

∫
f(r)t(r)g(r)dr = 〈f, Vg〉

• V is self adjoint.
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Lemma

Lemma
Dom(V) contains D0 and for all f ∈ D0 there two constants a and b
such that

‖Vf‖ ≤ a‖T0f‖+ b‖f‖ (2)

Moreover, a can be taken as small as we want.

Proof
V(r1, · · · rs) = V′(r1, · · · rs) +

∑s
i=1 V0i(ri) +

∑1,s
i<j Vij(ri − rj)

1) V = V′(ri)
2) V = V0i(r)
3) V = Vij(ri − rj)

1) We know ‖V′(r1, · · · rs)‖ ≤ C , take a = 0, and b = C.
‖Vf‖ ≤ ‖V‖‖f‖ ≤ C‖f‖ = 0 · ‖T0f‖+ C‖f‖
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Lemma

Proof
V = V′(ri)

2) V = V0i(r)

‖V01f‖2 =
∫

|V01(r1)|2|f(r1 · · · rs)|2dr1 · · ·drs

=

∫
|V01(r1)|2|A1f(r1)|2dr1

=

∫
r1≤R

|V01(r1)|2|A1f(r1)|2dr1 +
∫
r1≥R

|V01(r1)|2|A1f(r1)|2dr1

≤ (2a′2‖T0f‖+ 2b′2‖f‖2)
∫
r1≤R

|V01(r1)|2dr1 + C2
∫
r1≥R

|A1f(r1)|2dr1

|A1f(r1)|2 ≤ 2a′2‖T0f‖+ 2b′2‖f‖2 ‖Vij(x, y, z)‖ ≤ C (r > R)
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Lemma

Proof
V = V′(ri)

2) V = V0i(r)

‖V01f‖2 =
∫

|V01(r1)|2|f(r1 · · · rs)|2dr1 · · ·drs

=

∫
|V01(r1)|2|A1f(r1)|2dr1

=

∫
r1≤R

|V01(r1)|2|A1f(r1)|2dr1 +
∫
r1≥R

|V01(r1)|2|A1f(r1)|2dr1

≤ (2a′2‖T0f‖+ 2b′2‖f‖2)
∫
r1≤R

|V01(r1)|2dr1 + C2
∫
r1≥R

|A1f(r1)|2dr1

≤ C2(2a′2‖T0f‖+ 2b′2‖f‖2) + C2‖f‖2∫
r≤R ‖Vij(x, y, z)‖

2dxdydz ≤ C2 ‖Aif‖ = ‖f‖
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Lemma

Proof
V = V′(ri)
V = V0i(r)

3) V = Vij(ri − rj)

r1′ = r1 − r2, r2′ = r2, · · · , rs′ = rs
dr1 · · ·drs = dr1′ · · ·drs′

f(r1 · · · rs) = f′(r1′ · · · rs′)
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Lemma

Proof
V = V′(ri)
V = V0i(r)

3) V = Vij(ri − rj)

r1′ = r1 − r2, r2′ = r2, · · · , rs′ = rs
dr1 · · ·drs = dr1′ · · ·drs′

f(r1 · · · rs) = f′(r1′ · · · rs′)

‖V12f‖2 =
∫
|V12(r1′)|2|f′(r1′, · · · , rs)|2dr1′ · · ·drs′
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Lemma

Proof
V = V′(ri)
V = V0i(r)
V = Vij(ri − rj)

r1′ = r1 − r2, r2′ = r2, · · · , rs′ = rs
dr1 · · ·drs = dr1′ · · ·drs′

f(r1 · · · rs) = f′(r1′ · · · rs′)

‖V12f‖2 =
∫
|V12(r1′)|2|f′(r1′, · · · , rs)|2dr1′ · · ·drs′
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